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Many-soliton bound states in dispersion-managed optical fiber: Possibility of
fiber-optic transmission of three bits per clock period
Abdelaˆali Boudjemaˆa
Department of Physics, Faculty of Sciences, Hassiba Benbouali University of Chlef,
P.O. Box 151, 02000, Ouled Fares, Chlef, Algeria.
We study the stability and the dynamics of many-soliton molecules in dispersion-managed (DM)
optical fibers with focus on five-and seven-soliton molecules by analytical and numerical means.
In particular we calculate the binding force, pulse durations and equilibrium separations using a
variational approach. Predicted pulse shapes are in good agreement with those found by numerical
simulations of the underlying nonlinear Schro¨dinger equation. Within limitations soliton molecules
with up to seven solitons possibly allow to encode three bits of data per clock period.
PACS numbers: 42.81.Dp, 42.65.Tg, 42.79.Sz
I. INTRODUCTION
From time immemorial, information and communica-
tions have always formed the basis of human existence.
Access to telecommunications such as telephones and the
Internet is critical to the development of all aspects of a
nation’s economy. Today, fiber-optic telecommunication
systems play a major role in the advent of the Informa-
tion Age mostly due to their very high data transmis-
sion capacity. The dispersion phenomenon is a problem
for high bit rate and long-haul optical communication
systems. A solution of this problem might be soliton-
molecules that have been suggested to increase the data-
carrying capacity. Soliton based optical communication
systems can be used over distances of several thousands
of kilometers with huge information carrying capacity by
using optical amplifiers.
A few years ago, a stable bound state of two DM soli-
tons in optical fibers called soliton molecule was realized
experimentally [1] and very recently, the concept was
extended by the experimental demonstration of three-
soliton molecules in dispersion-managed optical fibers by
the same group [2, 3]. The phenomenon was also pur-
sued theoretically in [4–6]. The main motivation behind
creating such molecules is to increase the bit-rate of data
transfer in optical fibers beyond the binary regime with
the advantage of the robustness of solitons in contrast to
linear schemes. With four different symbols: logical zero,
one (single soliton), two (two-soliton molecule) and three
(three-soliton molecule), two bits of information can be
coded in time slot (clock period).
The stability of soliton molecules attracted a great deal
of interest [7–15]. The existence of a nonzero binding en-
ergy in terms of inter soliton separations in the molecule
is an indication on its stability. Most recently, the bind-
ing mechanism within a modified perturbation method is
also discussed in [16] where it is found that a multitude
of equilibrium states, alternating stable and unstable can
occur in special fiber configurations. At the lowest pos-
sible separation a molecule is called to be in the ground
state. Molecules at higher separations than the ground
state are called higher-order soliton molecules [16].
Motivated by these new prospects, we study the dy-
namics and the stability of many-soliton molecules by
choosing appropriate parameters for the DM fiber. Our
aim in this paper is to check whether a fiber-optic trans-
mission of three bits per clock period is possible and
useful. Initially we develop a variational approximation
to describe the dynamics and the binding mechanism of
soliton molecules. The force of interaction between soli-
tons (binding force) and equilibrium separations are cal-
culated in the frame of this variational approach. The
predictions of this method are compared with results of
numerical simulations of the nonlinear Schro¨dinger equa-
tion (NLSE) and good agreement is found.
II. DISPERSION-MANAGED NONLINEAR
SCHRO¨DINGER EQUATION
Solitons in dissipative dispersion-managed optical
fibers are described by the dispersion-managed nonlin-
ear Schro¨dinger equation (DM NLSE):
i Ez − β2(z)
2
Ett + S(z)|E|2E = −i g(z)E, (1)
where E(t, z) |E|2 [W], z [m] and t[s] are the complex
envelope of the electric field, the propagation distance,
and the retarded time, respectively. S(z) [1/(Wm)] and
g(z) [1/m] represent the nonlinearity and the gain/loss
parameters, respectively. β2(z)[s
2/m] corresponds to the
dispersion period defined by
β2(z) =
{
β+2 , 0 ≤ z ≤ L+,
β−2 , L
+ < z ≤ L+ + L−, (2)
where β+,−2 are constant group velocity dispersion pa-
rameters of the respective fiber segments L+,−. The
length of the dispersion period is given by L = L++L−.
We use the transformation E(t, z) = a(z)u(t, z), where
a(z) = a0 exp (−
∫ z
0
g(x) dx) and a0 is dimensionless pa-
rameter. This moves the loss term to the coefficient of
the nonlinear term. Thus, Eq.(1) reduces to
i uz − β2(z)
2
utt + γ(z)|u|2 u = 0, (3)
2where γ(z) = S(z)a(z)2 is the fiber’s effective nonlinear-
ity.
In general, for any γ(z) > 0, we then introduce a new
coordinate z′[1/W ] defined by z′(z) = exp (− ∫ z
0
γ(x) dx)
i uz′ − β
′
2(z
′)
2
utt + |u|2 u = 0, (4)
where β′2(z
′) = β2(z
′)/γ(z′)[W. s2] represents fibers ef-
fective dispersion including the variations both of fibers
GVD and effective nonlinearity.
Equation (4) permits us to describe the variations of dis-
persion, nonlinearity, and optical power due to loss or
gain by a single variable on the distance which is mea-
sured with the accumulation of nonlinearity. For a nega-
tive constant, (4) is called the NLSE and can be analyti-
cally solved for any initial input by using the inverse scat-
tering transformation having soliton solutions [17, 18].
For numerical purposes, it is useful to set Eq. (4) into
a dimensionless form. First we introduce Z = z′/L′,
T = t/τm and Q(Z, T ) = u(z
′, t).
√
L′ where τm is the
characteristic time scale equal to the pulse duration of
the laser source and L′ = L+γ+ + L−γ− is the length of
the dispersion map period. In terms of these parameters,
the dimensionless NLSE takes the form
iQZ − D(Z)
2
QTT + |Q|2Q = 0, (5)
where D = β′2L
′/τ2m.
III. VARIATIONAL APPROACH
The variational approach is proved to be efficient for
the analysis of non-integrable soliton bearing equations
in different areas of physics [20].
We then employ the following trial wavefunction
Q(Z, T ) = A
N∑
j=1
exp
[
− (T − ηj)
2
q2
+ iαj(T − ηj)2 + iϕj
]
,
(6)
where A guarantees the normalization of Q to the num-
ber of solitons in the molecule, namely N = 7. The
variational parameters q(Z), ϕ(Z), η(Z) and α(Z) corre-
spond respectively to the width, the relative phase, the
peak position and the chirp of the soliton.
The Lagrangian corresponding to Eq.(5) reads
L[Q,Q∗] =
∫
∞
−∞
i
2
(QQ∗Z −Q∗QZ) dT − E, (7)
where
E = −
∫
∞
−∞
[
D
2
|QT |2 + 1
2
|Q|4
]
dT, (8)
is the energy functional.
For the sake of completeness we start with the develop-
ment of the variational approach for a single DM soliton.
The energy of pulse is given by
Es =
∫
∞
−∞
|Q|2dT = A2q
√
pi/2. (9)
In real units, this energy can be expressed as E[J ] =
(τm/L
′)E with E [J] is the original molecule’s energy.
Equations of motion for the differents variational param-
eters are then derived from the Euler equations, namely
d
dZ
.
∂L
∂ψZ
− ∂L
∂ψ
= 0, (10)
where ψ and ψZ denote a variational parameter and its
spatial derivative, respectively. Taking the corresponding
derivatives, the Lagrangian (7) of single soliton reads
L = Es
[
q2
4
αZ +
1
2
ϕZ − D(Z)
2
(
1
q2
+ α2q2
)
− Es
2
√
piq
]
.
(11)
Using (10), equations of motion for variational parame-
ters take the following explicit form:
EZ = 0, (12a)
αZ + 2D(Z)
(
1
q4
− α2
)
+
Es√
piq3
= 0, (12b)
qZ + 2D(Z)αq = 0. (12c)
Interestingly, Eq.(12a) shows the conservation of the en-
ergy while Eqs. (12b) and (12c) determine the width q
and the chirp α of a single DM soliton. Combining the
last two equations, we obtain the following equation for
the pulse width
qZZ = F (q) = −∂U
∂q
, (13)
where
U =
2D(Z)2
q2
− 2D(Z)Es√
piq
.
The shape of U(q) gives insights on the robustness
of solitons and the binding mechanism between in the
molecules.
For the two- and higher order- soliton molecules, the re-
sulting coupled equations of motion, which turn out to
be lengthy and hence will not be shown here for conve-
nience, will then be solved numerically.
We define the relative soliton separation ∆ = ηj−ηi, the
relative centre-of-mass position ξ = (ηj + ηi)/2 and the
relative phase φ = ϕj − ϕi. Note that different relative
phases lead to an asymmetric energy transfer between ad-
jacent solitons which may eventually cause the molecule
to disintegrate [16]. The DM fiber parameters are given
in Tab. I.
3β−2 = −4.7 ps
2 km−1 β+2 = 3.9 ps
2 km−1
γ− = 1.9 W−1 km−1 γ+ = 1.9 W−1km−1
L− = 26.5 m L− = 24.5 m
β2 = −0.57 ps
2 km−1
γ = 1.9 W−1 km−1
L = 51.0 m
TABLE I: Parameters used for the simulation of ground state
soliton molecules
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FIG. 1: The potential U from Eq.(13) as a function of the
pulse width q for N = 7, η1 = −6, η2 = −4, η3 = −2, η4 =
0, η5 = 2, η6 = 4, η7 = 6, the phase alternates as 0, pi, and
chirp parameter α = 0.01. The rest of the parameters are
indicated in Tab.I.
Figure 1 shows that the potential of seven equidistant
DM solitons has a local minimum at q ∼ 1. For q <∼ 1,
the initial force is repulsive, and thus, the solitons may
diverge from each other leading to the dissociation of the
molecule. Increasing the pulse energy, the strength of
the bond in the molecule grows indicating that the DM
soliton-molecule becomes more robust.
Figure.2.a depicts that the center of mass and the chirp
exhibit periodic dynamics which may reduce/increase
the temporal separation between the center-of-mass po-
sitions of solitons. This is in fact, qualitatively con-
firmed in Fig.2.b where we clearly observe that until
the third soliton, interpulse separation remains stable
yielding a robust molecule. Whereas from fourth to sev-
enth soliton the separation is slightly lowered and in-
creased due to the inherent repulsive force between soli-
tons. In such a situation, the pulse performes oscillations
with frequency that can be evaluated variationally by
expanding the potential (13) near its equilibrium value
ω0 =
√−∂F/∂q|q=q0 ≃ 12.6.
One can conclude that the soliton separation in a
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FIG. 2: (a) Evolution of the center-of-mass positions (top)
and the chirp parameter (bottom). (b) The inter-soliton sep-
aration as a function of the number of solitons for q = 1.
Parameters are the same as in Fig.1.
molecule does not has not a unique value but instead
changes with the number of solitons N [4] and other fac-
tors such as the chirp. In some cases higher-order equi-
librium separations appear which is in good agreement
with numerical results of [16].
IV. NUMERICAL RESULTS
To verify our variational results, we solve numerically
the NLSE (5) for the five-soliton molecule and the seven-
soliton molecule. Numerical simulations were performed
using the split-step Fourier transform method, with 2048
Fourier modes and a normalized step size of dz = 5·10−4.
-10 -5 0 5 10
0.00
0.05
0.10
0.15
0.20
t HpsL
Fi
el
d
a
m
pl
itu
de
H
W
L
-10 -5 0 5 10
0.00
0.05
0.10
0.15
0.20
t HpsL
-10 -5 0 5 10
0.00
0.05
0.10
0.15
0.20
t HpsL
Fi
el
d
a
m
pl
itu
de
H
W
L
-10 -5 0 5 10
0.00
0.05
0.10
0.15
0.20
t HpsL
FIG. 3: Field amplitude envelopes along dispersion-managed
fiber of 1-soliton (top left), 2-soliton (top right), 3-soliton
(bottom left) and 4-soliton molecule (bottom right). Solid
line: variational calculation and red dashed line: numerical
simulation. Parameters are the same as in Fig.1.
4In Fig. 3 we compare the intensity profile obtained by
our variational calculation with the simulation results for
single soliton and 2-,3-, and 4-soliton molecules. The fig-
ure shows a good agreement between the variational and
the direct numerical solution of the NLSE. The intensity
profile was calculated using the equilibrium conditions
found by minimizing the energy functional.
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FIG. 4: (Color online) Field amplitude envelopes along
dispersion-managed fiber of a five-soliton molecule (panel a),
and seven-soliton molecule (panel b) in logarithmic scale for
∆ = 1.85, q = 1 and α = 0. Solid line: our variational cal-
culation and red dashed line: results of Nijhof’s method [9]
applied to the original NLSE. Lower panels: Corresponding
propagation of the five-soliton molecule (panel c) and seven-
soliton molecule (panel d) over 8 dispersion periods.
Figs. 4 (a) and (b) show the power profiles of five-
and seven-soliton molecules on logarithmic scale. Re-
sults from our theoretical treatment (solid black curve)
are compared to numerical solutions (red dashed curve)
obtained from Nijhof’s method [9] applied to the origi-
nal NLSE (4). Slight deviations of the two waveforms
are noticeable only at the outer solitons and in far tails.
There are slightly different peak powers of the individual
solitons; outer solitons are higher than the inner ones in
agreement with our recent theoretical predictions [4].
In Figs. 4 (c) and (d) the propagation of the considered
long soliton molecules is shown. The narrow separation
results in a strong inter soliton interaction but solitons
can travel together in the same cell and maintain their re-
spective positions. These ground-state soliton molecules
survive here only over 8 dispersion periods or less and
disintegrate very fast for longer soliton trains. Differ-
ent peak powers result in different nonlinear phase offset
evolutions. This will corrupt the relative phase relation
between the solitons in the molecule and can lead to an
energy transfer between the solitons resulting in a col-
lapse of the structure. This is in agreement with numer-
ical results of Hause et al. [16] where it was shown that
three-soliton molecules at the ground state collapse after
a few tens of dispersion periods while higher-order three-
soliton molecules can survive on long-haul distances. In-
deed, solitons of higher-order soliton molecules interact
only with the next-neighbor and the higher separation
results in a weaker interaction force due to the smaller
pulse overlap. Therefore this type of soliton molecules
can travel on long-haul distances and hence, it can ar-
ranged in long chains at higher-order separations.
Single solitons can not be arranged at any narrow sepa-
ration to form a long soliton molecule. For example Fig. 5
depicts that when seven Gaussian pulses are placed at
very narrow temporal separations an initial double pulse
structure due to the interference is formed. Thus, here an
approximative in-phase two-soliton molecule is formed.
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FIG. 5: Propagation of seven solitons very close to each other
(∆ = 0.5) results in a double pulse structure. The parameters
are the same as in Fig. 4.
V. CONCLUSION
In conclusion, in this work we have considered many-
soliton molecules propagating in optical dispersion-
managed fibers. Using a variational treatment, the bind-
ing force, equilibrium separation and the chirp of soliton
molecules was calculated with emphasis on five-soliton
molecules and seven-soliton molecules. We have solved
numerically the NLSE for comparison and it is found
that the field amplitudes of the obtained trial functions
agreed favorably with the numerical molecule solution.
It is further confirmed that the equilibrium separation
between dispersion-managed solitons does not have a
unique value. There is a ground state separation at the
narrowest separation and higher-order states at larger
separations in good agreement with semianalytical re-
sults of [16]. The experimental achievement of many-
5soliton molecules remains challenging and would open
fascinating prospects for fiber-optic transmission of more
than two bits per clock period.
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